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The asymptotic consistency of the bootstrap approximation of the vector of the
marginal generalized quantiles of U-statistic structure (multivariate U-quantiles for
short) is established. The asymptotic accuracy of the bootstrap approximation is
also obtained. Extensions to smooth functions of marginal generalized quantiles are
given and some specific examples, such as the vector of marginal sample quantiles
and the vector of marginal Hodges-Lehmann location estimators, are discussed.
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1. INTRODUCTION

In this paper we investigate Efron’s bootstrap approximation for a wide
class of multivariate generalized quantiles. We also look at the classical
normal approximation for these multivariate statistics. Our results extend
previous work by Choudhury and Serfling (1988) and Helmers, Janssen,
and Veraverbeke (1992) for univariate U-quantiles to the multivariate case.
Let X, = (X, o, Xp1)s ooer Xv=(X1n> -, Xsn) be independent k-dimensional
random vectors defined on a single probability space (L2, &/, P) having
common distribution function (df) F on RX Let hy(x;, « Xpn)s s
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h,(x,...x,,) be kernels of degree m (ie., real-valued functions symmetric
in its m arguments) and let

Hp()=Ph (X, o X Spye d=1koj=1 gl (1)

with y = (y,.i= L . k. j =1 ..q)e B* denote the joint df of the ky
random variables

B (Xireon Xode 0= kij= 1o g, (1.2)

In addition, let H, ,, denote the marginal df of A, (X, ... X,,) and, for
O<p<l,let

5:1/([)): H,:/([))sz:\ . [l/ :.1( ") ‘.l’: (]})

denote the corresponding pth marginal quantile. Define the associated

empirical df of U-statistic structure

Ny ! - ) }

Hoot=() T Y N X0 1
1oy

Ny R

for real y, and N =m, and for O <p <1, et
S =M\ ) (1.5)

denote the corresponding pth empirical marginal quantile.

Statistics of the form (1.5) were considered by Helmers, Janssen, and
Veraverbeke (1992) for the univariate case A =¢ = 1. Asymptotic con-
sistency and the asymptotic accuracy of the bootstrap approximation for
these univariate statistics (U-quantiles for short) was established. The
present paper aims at extending these results to the multivariate case.
Define multivariate U-quantiles by

(En(l’n | S ékltpl- P hoe 51‘,(/71.,% :l./( IR D (1.6}
where O<p, <l i=1, ..k, j=1,..,¢. In the special case ¢ = m =1 and

hi(x)=1x, (1.6) reduces to the k-vector of ordinary marginal quantiles
studied by G. J. Babu and C. R. Rao (19%K). These authors obtained
asymptotic normality for this special case. In Section 2 we extend therr
result to the more general class of multivariate {-quantiles of the form
(1.6). We also obtain a Berry Esseen bound for these statistics, In Section 3
we derive the asymptotic consistency and establish the asymptotic accuracy
of the bootstrap approximation for multivariate {-quantiles of type (1.6,
Some useful extensions and specific examples are briefly  discussed in
Section 4.
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2. NORMAL APPROXIMATION

Let 2 denote the symmetric (kg x k¢g)-matrix with elements

O'ﬁ_/,.=COV{P(/lj(X“,..., Xim) ‘;: (pu !Xll
P(hI(Xrl""* er) é pr/ IX:l)l (21)

with i, r=1,..k;j, I=1, .., ¢. In addition, let

Dy, =diag(hp (S0P )y oo B i 1 (i (Pri))s vons
h[’, l.q(élq(plq))’ (] hl’. k. q('fkq(pkq))), (22)

where h denotes the density of H, ;. Let {=(;(py)i=1,..k,
J=1.,q) and g—(é,,(p,,) i=1,..,kj=1,..,¢q) Clearly & denotes our
parameter vector of interest and & 1ts empirical counterpart (cf. (1.6)).

THEOREM 2.1. (a) Let H, , ; be continuously differentiable with density
hg, i j(Ey(py))>0. Then, as N — o,

sup |[P(N'2(E= &) <y) = @(3;0,m*D [P XD, 17)] =0, (2.3)

where @(-; 0, V) is the gk-variate normal distribution with mean vector 0 and
covariance matrix V and y = (Y 1, s V1> s Vigs = Via) -

(b) In addition, suppose that hy ; ; satisfies a Lipschitz condition of
order 1 on a neighborhood of &,(p,), i=1, ..k, j=1, .., g, and 2 is positive
definite. Then, as N — oC,

sup |P(NV3(E— &) < 3) = @(3:0,mD ,2ED ;)2 = O(N~"2). (24)

Proof. To begin with we remark that
P(N'(E—&)<y)=P(N"P(E(py) = Ey(p)) Sy i=1n ki= 1, q)
=PH, ' (p)<Hp (p)+y;N "%i=1..kj=1..,9)
=P(Hy, (Hpi (p))+y,N ") zpsi=1 .. kj=1 .9
=P(N'"*{Hy ;(H;} (py) +y;N %)
—Hp, (Hii(p)+ NPy

= Nl/z{Pii—' Hp, (Hy, i‘j(pii) +}’i;‘N“l/2)}» i=1, .. kj=1 .q9)
(2.5)
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The smoothness assumption of H ;:; ensures that
\/—]\7 pu Hl‘ lj(HI' I_[(plj)+N l/-vu)}——) ylthlj(éU(plj)) (26)

as. [P],fori=1, ..,k i=1,.., g Next note that the random variable (r.v.)
Ty..;(vy) defines as

\/—N\HN :, p,j u)+}y 1/2)-H17,i,j(Hf_‘,t',j(pij)+yijNhl/2)} (2.7)

is a normalized U-statistic of degree m with bounded kernel, depending on
n, of the form
hN, i‘j(xl 5 ooy Xy s yij)
=I{hj(xl’-~ ‘an)<§lj(plj +ylj 1/2}
“‘P(hj(Xiu---, im)gé[/‘(pij)'i_y[i -2y (2.8)
with (x,, .., x,)eR™ fori=1, ..,k j=1, .., g. At this point we invoke an

easy modification of the theorem on page 188 of Serfling (1980) to find that
fori=1,.,k j=1,.,q

2
E{T ()= Z E(TN,,(y,,)IXu)} _oNY. (29)

In view of (2.5)-(2.9) and Chebychev’s inequality it now clearly suffices to
check that the kg-vector given by

N
Z (T, i, (Vi) Xio)s i=1,.,kj=1,.,q (2.10)

converges in distribution to &(-;0, 2), as n — oo, with X as in (2.1). But
this is an easy matter, because the random vector (2.10) is a normalized

sum of ii.d. random summands, with zero mean and covariance matrix V.
Clearly

m N
=7]—V Y {Ph(X iy Xiyson X, ) S E(Py) + YN 2| X )
s=1
= P(h( Xy ooy X)) < 6ij(pij)+yijN~1/2)}, i=1,..,kj=1,.,q,
(2.11)

where 1<v,<--- <v,, <N can be chosen arbitrary, provided v,#s,
I=2,..,m. The (kg x kq)-matrix V, is precisely the covariance matrix of
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the kg-vector (2.11). It remains to show that V approaches X, as N - .
The simple relation

N
o’ { Z E((Ty, i,j(Yij)_ Ty, i,j(o))lXis)}

s=1

<m202{P(hj(Xi1a oy X)) € (éf/‘(pij), éij(pij)+yijN_l/2)|Xil)}
=0(N Y, as N - oo, (2.12)

can be used. Here we have employed the mean value theorem (applied to

H #.i,; On a neighborhood of ¢, (p;)) and a well-known property of condi-
tional moments. Since the kg-vector given by

N
S E(Ty . (0 Xy, i=1,. kj=1,.q (2.13)

s=1

has covariance matrix & (cf. (2.1)) our proof of relation (2.3) is now
completed.

It remains to establish the Berry—Esseen bound (2.4). To do this we
apply Theorem 1.16 of Gotze (1987) to the kg-vector (cf. (2.7)) of
U-statistic type

Ty, (Y i=1,.,kj=1,.,q (2.14)

The conditions of G&tze’s theorem are easily verified, since by assumption
2 is positive definite and the kernel functions Ay ,; (cf. (2.8)) are all
bounded by 1. In addition, relation (2.6) is now replaced by the stronger
assertion that

\/N { pi—Hy (H, :‘,;‘(Pi/) +yiN 1/2)}' +.Vlj/h/-', i,/'(é[/‘(pij)) = O(Nvl/z)
(2.15)

as N — co. For this we use the Lipschitz condition on A ; ;. This completes
the proof of (2.4) and the theorem is proved. [

Relation (2.3) extends related results of Choudhury and Serfling (1988)
and Babu and Rao (1988) for the univariate case k = g = 1, respectively the
case of ordinary marginal quantiles (g=m=1, h/(x)=x), to a con-
siderably more general class of statistics. Relation (2.4) supplements all this
with a Berry-Esseen bound. We note in passing that the strong consistency
of multivariate U-quantiles & in estimating the parameter of interest &
follows directly from Corollary 3.2 of Helmers, Janssen, and Serfling
(1988), provided ¢ is uniquely determined.

In applications one often wishes to establish a confidence region for ¢
and a studentized version of (2.3) is required; i.e., a consistent estimator of
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the covariance matrix in (2.3) is needed. An alternative approach is to
employ bootstrap methods for the construction of a confidence region for &.
In Section 3 we establish a bootstrap analog of (2.3) under a slightly more
stringent smoothness condition on H,. With the aid of this result various
bootstrap based confidence regions for £ can easily be constructed.

3. BOOTSTRAP APPROXIMATION

Let F, denote the k-variate empirical df based on X, ..., X. Define

{
0=(0) LT M X< GO

m Isvp< - n <y €N

with y; e R, the marginal empirical df of U-statistic structure based on the
(marginal) bootstrap sample X%, .., X%, ie, the ith component of
X, .., X% Here and elsewhere X}, .., X} denotes a random sample drawn
with replacement from F,, conditionally given X,,.,X,. Define
g,,(p) H%(p), 0<p<l1, with H%,, as in (3.1). Let P} denote
probability corresponding to F.

Tueorem 3.1. (a) Let Hy ,; be continuously differentiable (with den-
sity hy, ;. ;) on a neighborhood of &, with hy. ; ;(&;(py)) > 0. Then, for almost
every sample sequence X |, X5, ...,

sup IP3(/N (8% — &) <y)~ @(3:0,m*D /22D 17|

-0, as N — 0. (3.2)

(b) In addition, if h,. . ; satisfies a Lipschitz condition of order 1 on

a neighborhood of &, (p,), i=1, ..k, j=1,..,q, and X is positive definite,
then

sup 1PN (£ =) <) = P(JN (E=8)<y) = O(N "(InN)¥*) (3.3)

as. [P], as N— .

Proof. Similarly as in the proof of Theorem 2.1 of Helmers, Janssen,
and Veraverbeke (1992) we write

PHN(EX=8) <)) =PHWY. (3,)= =Dy i i=1, kj=1, ... q),
(3.4)
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where
W?:/ i,j(ylfi) = \/1—\} {Ha':l i.j( H};},li,i(pij) +}'1ij 1)
—H, i,j(H;,li.j(pii)‘i'.v(iN7 "))} (3.5)
and
Dy.j= \/N {Hy, i,j(H)\},li,_i(pij))+}’,-,-N' ) —pyl (3.6)
with
B N N
Hy, i.j(yij)':‘Nwm Z Z [(hj(Xivp e X VS 03) (3.7)
vi=1 =1

for i=1,.. k,j=1,..,¢. Asin Helmers, Janssen, and Veraverbeke(1992)
we obtain

Dy ;= yihe, L (Eapy)) as. [P] (3.8)

as No oo, i=1, ., kj=1.,q.
To proceed we deal with the random variables W%, ,(y;,) defined in
(3.5). Note that

N —1
Wﬁ.i,j()’z_‘/)=\/]v< ) Zz I{h,,»(X?‘C,,---,Xitn,)

m V< o <V

SH (p)+yN Y =N Y - T (X X,
s1

<HY, (pyp)+ysN 2, i=1, .k j=1 .9 (3.9)

is of U-statistic structure, with kernel

gﬁ. i.j(xl’ e xm; yq) = I{hj(xl’ e xm) < HAl,/(pu) +."i;N |r2]!

1
'WZ Y (X e X))
S Sm
SHRL (p)+rgN 17 (3.10)

for all (x,, ..., X,)€ R”. The next step is to check that an order bound
similar to (2.11) holds true here too. Because the g% s are bounded
by 1 in absolute value we indeed have that, for each r>2,

N
EXT% . ;(v)— 2 EXT%, () X5 =0(N ") (3.11)

s=1
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as. [P], as N> oo. Here T% , ;(v,) is defined by (2.7) with X, replaced by

X¥ Hp,;byHy,;,and Hy , by HY ; ;.
Similarly as in the proof of Theorem 2.1, relation (2.3), our problem

reduces to one of proving the result

()

% hy(XE, X%, . XE )
L) TV NI XE) = PE(h (XY, . X,
N,j(p,j)+yu Tz i=1, Lk j=1, .., q)

n[\/]z

NN

Hy
H
SO0 N ENTHONX) )0 (12
as. [P], as N— co, where we have used the fact that

N
> EXTH. () XX)
s=1

=é(ﬁ<2>“ Ty

N< - <vy

<(1{h tvl,"’X?\‘;m)sH;,li,j(pij)-i_yijN_l/z}

N
m 1
= Y (PR (XX, XAy, o X3 )< H G (py) + v N2 IXE)

= PY(hy(XE, s XB) < Hp i i (py) + v N721XE)), (3.13)

where s¢ {v,,..,v,,} and v, < --- <v,, in the next to last line. To proceed

we note that (3.13) in turn is equal to

no N
_’__{ Z _mHZ... ¥ <I{h (X3 Xigys s Xis,, )

= Sm—

H (Plj +yq 1/2}—_ Z [{(h il> ::19"'3 Xi.v,,,-l)

VAN

<Hﬁ,‘i,j(py)+yijN“‘/2}>- (3.14)
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Also, note that the expression withing curly brackets appearing in the Var#
matrix in (3.12) is nothing but the kg-vector.

EXTROIINXE)=(EX(TY ()| XR)i= 1 kj=1,..q)

Clearl.y.(3.12) is true, since E*¥(T¥(y)| X*) is a sum of i.i.d. random vectors
(conditionally given X, .., X,). It remains, however, to investigate the

covariance matrix of E¥(T¥(y)| X}¥), conditionally given X, ..., Xy. To do
this, we first check that

Nvar]*\;{Elt(T}k\/,ij(yij)lX*)
— B3T3, (HyL(p) = Hy'y(p)) VM IXD} (3.15)

1s sufficiently small. In fact, we have
Nvarg{EX(T %1, (vy) = Th (/N (Hz | (py)
= Hy (XX <SmEF(PA(h(XE, .. X5)
e(HY/(py) Hy'(py) + N2 X))
=m N Y (N7 Y S I h(X o X))

vy V2 Vm
e (Hyl,(py) HRL(py)+y N~V P2 (3.16)

At this point we use the almost sure bound (cf. Corollary 2.1 of Helmers,
Janssen, and Serfling, 1988, p. 78)

. N\
llglﬁsgp(@) up | (¥) = Hy i (X S (B17)

a.s. [P], as N — oo, with C,, as in the corollary, as well as the fact that

B (X R, s X5 (HR (P HYL(py) + YN IXE)

1
=mN’—,’§— S Ih(XEy, e X5 € (HY (P Hy ()

VI e <y

+y, N~} +O(N ) (3.18)

a.s. [P], as N— co. Also, we have

E[N""“ T Y (I Xy s X))
V< s <V
e (H7Y (py) Hik (py) +yyN ™)} = PO (X, Xy s X,)

€ (H;,li,j(pij)’ H[—\",li,j(pij) +yijNM1/2))] =0(N™") (3.19)
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for any integer r =2 (cf. Serfling, 1980, p. 185), and the easily verified fact
that

P(hy(x, Xy s Xiy,)
e(H ! (pyh Hy! ,(py)+ ;N 2)) =0, as N- 0.(3.20)
We can conclude that

Nvar${ES(T%..,(0i) = T3, (Hp s () = Hy i (py)) /N) X2} >0
(3.21)
a.s. [P], as N— co. In other words: the quantity (3.15) is indeed small

enough for our purposes.
To complete our proof of (3.2) we must still show that

IH

——ZN m+lz Z[ h (XIH vy ,\m) I I/(pl/)

Y

- m- E(P(h/( e X)) € Hlf‘i_,'(pi/')lXil))z (3.22)

as. [P], as N— oco. But this follows from the fact that

N’"“Z S I (X s o X )< H R (Py))

Um

l - !
S S Ko X < HLL () (B23)

v2 m

A similar argument gives the desired convergences for the other elements of
the covariance matrix in (3.12). This completes the proof of (3.2).

Next we establish the a.s. rate of convergence asserted in (3.3). Our argu-
ment follows the pattern of proof given in Theorem 3.1 of Helmers,
Janssen, and Veraverbeke (1992). Quite similarly, we write

sup [PE(NA(E* —&)<y)— P(N'P(E-¢) < ZI,N, (3.24)

i=1

where, for some suitable constant K> 0,

A ~

L= sup | PEN'(E*—&)<y)— <v,0mD ”’ZD,;,W)
Iyl < K(log N2
(3.25)
Ln= swp PN AE = E<y) -0 (510,00, 0,1
Iyl > K(log N2

(3.26)
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and

Iy =sup P(N”z(f-— H<y)—d (_1’; 0, mlD,',: 2 Z DH: 2) (3.27)

where ||| denotes the euclidean norm in R*’. Because of Theorem 2.1,
relation (2.4), we know that I;, =O(N '?). To treat I,y we apply exactly
the same argument as that employed in Helmers, Janssen, and Veraverbeke
(1992), at a similar point, to establish that 7,y=O(N '?), as. [P], as
N — 0. To show, finally, that

Iiy=0(N" l;’2(10g N)¥%)
as. [P], as N - oo we combine the fact that

sup I\//X/ (1’:_‘/ —Hg., /(Hlf. i’./(pi/) +.",/N I 2)) +_"i,'hlv1 i ,(s:.‘,’(l”u)”

vyl < K(log M) 2

= O(N "#(log N)**)

as. [P], as N> oo, for i=1, .., k,j=1, .., ¢, together with Theorem 1.16
of Gd&tze (1987) with (3.21) and (3.22).

Theorem 3.1 extends results of Singh (1981) and Helmers, Janssen, and
Veraverbeke (1992) to a wide class of multivariate generalized quantiles,
i.e., to multivariate U-quantiles.

4. EXTENSIONS AND EXAMPLES

It is well known (see, e.g, Bickel and Freedman, 1981) that “the
bootstrap commutes with smooth functions.” In view of this the following
useful result is not very suprising:

COROLLARY 4.1. Suppose that g: R* — R* is continuously differentiable
in a neighborhood of &= (,;(py).i=1, ..k, j=1,.,q) with {;(p;) as in
(1.3). In addition, suppose that the derivative of g at the point  is non-zero
and that the assumptions of Theorem 3.1a are satisfied. Then, for almost
every sample sequence X, X5,...

sup | PA(/N (g(€*)—2(€) <y) = P(/N(g(E) — (&N <)l
-0, as N->wx (4.1)

Proof. Following the pattern of the proof given by Bickel and Freed-
man (1981), (4.1) is easily verified using (3.2), (2.3), a Taylor expansion
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argument, and the fact that ¢ as. [P], as N— oo (cf. Corollary 3.2 of
Helmers, Janssen, and Serfling (1988)) as well as

E—¢-0 in P*-probability (4.2)

as. [P], as N— oo. To verify (4.2) we need the requirement that ¢ be
uniquely determined. But this is an easy consequence of the local smooth-
ness assumption on Hp.

The a.s. rate at which the sup in (4.1) approaches zero is easily checked to
be O(N ~"#(In N)¥*), under somewhat more stringent smoothness assump-
tions on g and H . Because all of this is fairly straightforward in view of
Theorem 3.1(b) and Corollary 4.1 we omit further details.

A second extension is obtained by allowing the kernels #;, j=1, ..., g, to
have possibly different degrees m,, .., m,. More generally, we may even let
the degree m of hy(X;y, ... X;), i=1,., k,j=1,.., ¢ (cf (1.2)) not only
depend on j, but also on i. It is easily verified that all the results of this
paper remain valid, without any further changes. Clearly, in this way the
range of applications is considerably enhanced.

Next we discuss a few specific examples of multivariate U-quantiles. In
the first of these we take ¢=1, m=1, and h,(x)=x and obtain the
k-vector of ordinary marginal pth sample quantiles. Similarly, by taking
g=1, m=2, h/(x,, x,)=(x;+x,)/2 we obtain the k-vector of marginal
Hodges-Lehmann location estimators, whereas the choice g=1, m=2,
hi(x,;, x5)=|x,—x,| gives us the k-vector of estimators of spread
proposed by Bickel and Lehmann (1979). In each of these cases
Theorem 3.1 tells us that the bootstrap works.

A second type of examples is obtained by taking ¢ =2. For example, let
us take all pys equal to 3, m=2, hy(x;, x;)=(x,+Xx,)/2, and
hy(xy, Xx5)=1x, — x,|. In this setup & becomes a vector which consists of &
pairs of (marginal) estimators; the first component is the Hodges-Lehmann
location estimator and the second one the Bickel-Lehmann estimator of
spread. Again, Theorem 3.1 can be employed to find that the bootstrap
approximation is asymptotically valid in this case too.

Our third example gives an application of Corollary 4.1. We take g'=3,
m=1, hi(x)=x,j=1,2,3, and p;,; =%, pn=14, Pi3=32, i=1,.., k, and let
g: R* — R* be the map which sends the ith marginal (&,,, &,,, &,3) of € into
Eal€i3—En), i=1,.,k The resulting estimator is the k-vector of
marginal sample medians divided by the marginal sample interquartile
ranges. Corollary 4.1 asserts that the bootstrap also works here. Of course
one can easily supplement this example with many others: e.g., one may
consider a linear combination of a fixed number of marginal ordinary
sample quantiles in each component or—to give another example—
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consider the quotient of the Bickel-Lehmann estimator of spread and the

Hodges-Lehmann location estimator in each component (i.e., a generalized
“coefficient of variation”).
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